We consider the vortex state of d-wave superconductors in the clean limit. Within the linearized approximation the quasiparticle bands obtained are found to posess Dirac cone dispersions ͑band touchings͒ at special points in the Brillouin zone. They are protected by a symmetry of the linearized Hamiltonian that we call T Dirac . Moreover, for vortex lattices that possess inversion symmetry, it is shown that there is always a Dirac cone centered at zero energy within the linearized theory. On going beyond the linearized approximation and including the effect of the smaller curvature terms ͑that break T Dirac ͒, the Dirac cone dispersions are found to acquire small gaps (Ϸ0.5 K T Ϫ1 in YBCO͒ that scale linearly with the applied magnetic field. When the chemical potential for quasiparticles lies within the gap, quantization of the thermal-Hall conductivity is expected at low temperatures, i.e., xy /Tϭn( 2 k B 2 /3h) with the integer n taking on values nϭϮ2 and 0. This quantization could be seen in low-temperature thermal transport measurements of clean d-wave superconductors with good vortex lattices.
I. INTRODUCTION
Since the experimental verification of the d x 2 -y 2 nature of superconductivity in cuprate materials, 1 there has been much activity in studying the physics of quasiparticles in a d-wave superconductor. In contrast to the s-wave case, the d-wave superconducting gap vanishes at points on the Fermi surface leading to low-energy quasiparticles that behave like massless Dirac fermions. One question that is of great interest is the behavior of these quasiparticles in the mixed state of superconductors-a problem that is both theoretically rich as well as of relevance to explaining several different experiments.
Experimentally, there have been several probes of quasiparticle behavior in a magnetic field, including a measurement of the thermal Hall conductivity xy 2,3 the low temperature longitudinal thermal conductivity xx , 4, 5 and the specific heat. 6 A satisfactory explanation of the results of these experiments in terms of d x 2 -y 2 quasiparticles would be strong support for the point of view that the superconducting phase of the cuprates is a conventional d-wave superconductor. On the other hand, if such an explanation proves elusive, it may well point to some additional, and perhaps exotic, physics even in the superconducting state of the cuprates.
This problem of Dirac quasiparticles in a mixed state has been considered by several authors. Gorkov and Schriffer 7 and Anderson 8 proposed a Landau-level-like spectrum. In the latter work, this was derived by mapping the problem onto a Dirac particle in a uniform magnetic field, under the assumption that the superflow may be neglected. In Ref. 9 , the authors studied a lattice model of the problem, first in the same approximation as Ref. 8 , and then numerically with the superflow included. Topological aspects of relevance to this problem were pointed out.
A different approach was taken by Franz and Tesanovic, who considered the problem within the linearized approximation and introduced a fictitious U͑1͒ gauge field to implement the statistical interaction between the vortices and quasiparticles ͑Franz-Tesanovic transformation͒. 10 This led to a numerical evaluation of the resulting quasiparticle band structure, which was extended by the detailed study of Marinelli et al., 11 Vafek et al., 12 and Knapp et al. 13 Here too we begin by considering the problem of d-wave quasiparticles in the vortex lattice state within the linearized approximation. In contrast to some earlier approaches, we focus on identifying the symmetries of the problem and their consequences for the spectrum of the linearized Hamiltonian. Our results are easily stated-the Hamiltonian, as a consequence of linearization, posesses an additional symmetry ͑which we call T Dirac ) that preserves Dirac cones at certain special points in the Brilluoin zone. The energy dispersion, in the vicinity of these points, is that of a massless Dirac particle. If the vortex lattice posesses inversion symmetry, then there is a Dirac cone centered at zero energy. While these results are in general agreement with the results obtained in earlier numerical work [10] [11] [12] [13] we point out a subtle feature of the Franz-Tesanovic transformation in the linearized approximation, which could yield spurious gaps in numerical simulations and which we believe to be the cause for discrepancies from the results derived here.
We then proceed to consider the effect of the curvature terms, that were dropped when linearizing the Hamiltonian. These terms arise, for example, from the parabolic nature of the electron dispersion. In the parameter range of interest they may be considered as small perturbations on the linearized Hamiltonian. However, as pointed out in Ref. 14, they are crucial to generating a nonvanishing thermal Hall response. Since the curvature terms break the symmetry T Dirac that protects the Dirac nodes, they give rise to a small gap at these nodes, and the energy dispersion in their vicinity is now that of a massive Dirac particle. Thus for temperatures that are smaller than this gap scale, the curvature terms can have a qualitative effect on the properties of the system.
In addition to information about the quasiparticle spectrum, it is possible in some cases within our approach to derive consequences for low-temperature thermal transport. To this end, we first recall that massive Dirac particles in two dimensions exhibit a quantized Hall effect when the chemical potential lies in the gap. 15, 16 In the presence of a vortex lattice with inversion symmetry, the chemical potential for the superconductor quasiparticles will lie at the center of the gap induced by the curvature terms, if we ignore Zeeman splitting. As a result, a quantized thermal Hall conductance of xy /TϭϮ1/2 ͑in appropriate units, at low temperatures͒ is expected from each of the four nodes, and can give rise to two scenarios xy /TϭϮ2 or 0, while xx /T→0 in both cases. First, if the contribution of all four nodes is of the same sign, xy /TϭϮ2, we have a nontrivial quantized thermal Hall conductance that is expected to be attained for temperatures smaller than the gap. This situation is topologically identical to ͑i.e., has the same edge content as͒ a pure d x 2 -y 2ϩ id xy superconductor, that is also known to exhibit a quantized thermal Hall effect. 17, 18 A magnetic induction of such a pairing symmetry in the cuprates was proposed in Refs. 19 and 20; here we will provide a concrete realization of these general ideas, and layout the route to calculating physical parameters such as, for example, the size of the energy gap. The second scenario is when the Hall conductances from the different nodes cancel leading to a xy /T ϭ0, that is topologically identical to a d x 2 -y 2ϩ is superconductor, or any other thermal insulator. Which of these scenarios is realized is a function of vortex lattice geometry and the anisotropy of the Dirac dispersion in the homogenous superconductor. In order for the quantization to be visible experimentally the energy gap needs to be larger than the Zeeman splitting, which plays the role of chemical potential for the quasiparticles. Since the energy gap is also found to scale linearly with magnetic field, and is roughly of the same magnitude as the Zeeman energy, the question of which one is larger in any particular material is a detailed quantitative issue. Here we will demonstrate how fairly simple numerical calculations within our theory can predict in a given situation, which of the scenarios described is realized, as well as provide a quantitative estimate of the energy gap and its dependence on various physical parameters.
The rest of this paper is organized as follows. In Sec. II, we begin by laying out our assumptions and then deriving the Bogoliubov-de Gennes equation that describes d-wave quasiparticles in the mixed state. The quasiparticles are shown to couple to the superflow generated by the combined effect of the vortices and the magnetic field. In addition, they acquire a Berry phase of ͑Ϫ1͒ on circling a hc/2e vortex. We then derive a linearized approximation that describes the low-energy quasiparticle excitations in the magnetic-field range of interest. These linearized equations describing d-wave quasiparticles in a vortex lattice are analyzed in Sec. III. For purposes of clarity, we first consider a vortex lattice of hc/e ͑double͒ vortices. The simplifying feature here is that the Berry phase terms are absent and we only have to contend with the effects of the superflow. A symmetry of the linearized Hamiltonian that protects the Dirac nodes is identified, and the role of inversion symmetry in maintaining a Dirac node at zero energy is described. We then tackle the physically more interesting case of a vortex lattice of hc/2e vortices. Here a similar though more involved analysis obtains for us the same results as for a vortex lattice of hc/e vortices. In Sec. IV, we go beyond the linearized approximation by including the effect of curvature terms and discuss implications for low-temperature heat transport. A numerical calculation of the gaps induced by the curvature terms for the hc/e square vortex lattice case is also presented. Finally, in Sec. V we conclude with some brief comments on the effect of vortex disorder and a comparison of our theoretical expectations against available experimental data. Expressions for the Chern number of quasiparticle bands are contained in the Appendix. A short summary of this work appeared in Ref. 21 .
II. BDG EQUATIONS FOR d-WAVE QUASIPARTICLES IN MIXED STATE
In this section we derive the equations governing quasiparticles in a d x 2 -y 2 superconductor, in the presence of a vortex lattice. We begin by detailing the assumptions and approximations that we will make in what follows.
A. Assumptions and approximations
͑a͒ Existence of quasiparticles: The systems that we will mainly be interested in are cuprate high-temperature superconductors, that are known to have d x 2 -y 2 gap symmetry. We assume that this superconducting state is otherwise conventional, in particular that there are well defined quasiparticle excitations in this phase, for which there is experimental support from angle-resolved photoemission studies. For inhomogenous situations, such as the vortex lattice state, we assume that the quasiparticles are governed by an appropriate Bogoliubov-de Gennes ͑BdG͒ type equation.
͑b͒ Neglecting vortex core contributions: The vortex core is the region around the center of the vortex of size , the coherence length, where the magnitude of the order parameter is significantly supressed from its bulk value. At fields much smaller than H c2 , the vortex cores of extreme type-II superconductors are significantly smaller than the separation between vortices. This is the situation, for example, in optimally doped YBa 2 Cu 3 O 6.9 ͑YBCO͒ over the accessible field range. The vortex cores have a size ϳ15 A, while the intervortex separation is of order 500 A in a 1-T field. Since the vortex cores take up so little of the sample area ͑0.1% in this example͒ we neglect the modulation of the order parameter magnitude, while retaining its phase variation.
͑c͒ Perfect vortex lattice: We will make the assumption that the superconductor is clean and the vortices are arranged in a perfect lattice. Of course, in any real situation, vortex disorder is expected to be present. In some cases it may even be so large as to destroy the long-range positional order of the lattice, in which case, of course, the perfect lattice approximation will not be a good starting point-for example, in BSCCO in magnetic fields of around 1 T, neutronscattering studies indicate that an ordered vortex lattice is absent. 22 However in YBCO, Bragg spots from the vortex lattice are seen 23 for which the starting point of a perfect vortex lattice may be more justified. Despite the existence of vortex disorder, in what follows we shall proceed with the assumption of a perfect vortex lattice as it provides us with a theoretically tractable starting point. In addition, there is some evidence from experiments 5 and theory 24 that the scattering from vortex disorder at low temperatures is rather small, and neglecting its effect may be permissible at a first approximation. Extending the theory to include the effects of weak vortex disorder is left for future investigation, although we briefly return to the topic of vortex disorder in Sec. V, while considering the stability of our results.
͑7͒
The Hamiltonian written in terms of the d particles contains no anomalous terms which implies that the total number of d particles is conserved. This is simply a reflection of the fact that the z component of the spin is conserved in this situation. Thus the density of d particles,
proportional to the spin density of the quasiparticles along the z axis, and so appears in the expression for the Zeeman coupling to the magnetic field. The uniform part of the magnetic field density will therefore behave as a chemical potential for the d particles. In what follows, we shall not retain the Zeeman term, but rather comment on its effect at the very end.
In Eq. ͑6͒ the phase variation of the order parameter, induced by the vortices, has been written in the form e i(/2) ⌬(Ϫiٌ ជ )e i(/2) . This preserves gauge invariance and is consistent with the formulas in Refs. 26 and 12. The variation of the magnitude of the order parameter has been dropped, as discussed earlier. We shall take as given the magnetic field distribution B(r ជ ) and the phase variation, which must satisfy the equation
where R ជ i s denote the positions of the vortices and the sum runs over all vortices in the lattice. Due to the conservation of the d particles, and the fact that they do not interact with each other at this level, we can write a wave equation which contains all the physics of this many body system. This wave equation is the BogoliubovdeGennes equation,
͑9͒
where H BdG has been defined in Eq. ͑6͒ and can be written in the compact form
The s are the 2ϫ2 Pauli matrices in the usual representation. ͓In this language, the Zeeman term takes the form
It is convenient to make a gauge transformation to eliminate the phase variation from the order parameter ͑London gauge͒ which may be affected by the unitary transformation:
͑10͒
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where P ជ s ϭ 1 2 ٌ ជ ϪeA ជ , a gauge invariant quantity, is the mechanical momentum carried by each member of Cooper pair at point r ជ . We will sometimes refer to this quantity as the superflow, though this terminology is not quite accurate. Given this definition of P ជ s , it is easily seen that
In the presence of elementary hc/2e vortices, it must be noted that unitary transformation ͑10͒ is not single valued, but changes sign on circling an odd number of such vortices, since it depends on the half angle (r)/2 that winds by an odd multiple of . Thus the transformed quasiparticle wave functions, (uЈvЈ) T , defined by
͑13͒
are not single valued, but change sign on circling an odd number of hc/2e vortices. Methods for handling this statistical interaction between quasiparticles and vortices are described in Sec. II C. Thus the effect of the magnetic field on the quasiparticles is most transparent when written in this gauge. The quasiparticles interact with the superflow ( P ជ s ϭ 1 2 ٌ ជ ϪeA ជ ) generated by the vortices and magnetic field, and also acquire a Berry phase factor of ͑Ϫ1͒ on circling a hc/2e vortex.
C. Linearized approximation
In the limit of low temperatures, and magnetic fields much smaller than H c2 , we can restrict our attention to the low energy quasiparticle excitations near the gap nodes of the d-wave superconductor. We first recall the linearized approximation for the pure case, which gives us the Dirac dispersion of the nodal quasiparticles. The Hamiltonian for quasiparticles with momentum p is H p ϭ⑀(p) z ϩ⌬( p) x . For low-energy excitations in the vicinity of node 1 ͑see Fig. 1͒ this can be expressed in terms of p ជ ϭp F x ϩ␦ ជ p ͑where ␦ ជ p is measured from node 1͒, as
where v F ϭp F /m and v ⌬ ϭ⌬ 0 /p F . The linearized approximation consists of dropping the terms within brackets, in which case we obtain an anisotropic Dirac dispersion for the quasiparticles near the nodes,
where ␣ϭv F /v ⌬ is the anisotropy of the Dirac dispersion. Following Ref. 14 we estimate the temperature scale up to which this approximation can be trusted. We require that the value of the quadratic terms at the typical momenta of the thermally excited quasiparticles be smaller than the linear contribution. For YBCO, this temperature turns out to be T max ϳ200 K. 27 We now consider a similar low-energy approximation for the vortex state of the d xy superconductor. First, we describe a procedure to handle the non-single-valued nature of the wave functions Јϭ( v Ј uЈ ) of Eq. ͑13͒ 8, 10 which is called the Franz-Tesanovic transformation, although we adopt a slightly different approach to its derivation here.
Franz-Tesanovic ͑FT͒ transformation: Recall that we want to solve the eigenvalue equation
with the condition that Ј(x,y) is not single valued, but acquires a negative sign on circling an odd number of hc/2e vortices. To implement this condition, we write Ј as a product of a fixed function that is multiple valued which precisely builds in the required sign changes ͓⌽(x,y)͔, and a singlevalued wave function FT (x,y). Thus Ј͑x,y ͒ϭ⌽͑ x,y ͒ FT ͑ x,y ͒, ͑16͒
and the preceeding eigenvalue problem can be formulated as an equivalent problem for the single-valued wave function FT . In order that this is also a Hermitian eigenvalue problem, we choose ⌽(x,y) from the class of functions,
where the q i are odd integers, and we have used the complex coordinates zϭxϩiy and zϭxϪiy. The product runs over all hc/2e vortices, located at z i ϭx i ϩiy i . Note that this function is pure phase, i.e., ͉⌽ ͕q͖ (x,y)͉ϭ1. 28 The choice of the odd integers q i is arbitrary and represents a gauge degree of freedom. Clearly, physical results cannot depend on this choice, though in practice we may work with a particular set of ͕q i ͖ that is convenient for calculation. Due to its singular nature, this transformation needs to be handled with some care especially in the linearized theory. Further elaborations on this subtle point are contained in the appendices of Ref. 29 .
Inserting Eq. ͑16͒ into Eq. ͑15͒, we have
where a ជ (x,y) is a real vector field given by
which implies
i.e., that solenoids of flux q i of the a ជ gauge field have been attached to the vortices. The sign change of the quasiparticles on circling a unit vortex is now accounted for by the Aharonov-Bohm effect arising from this solenoid of flux. Thus a fictitious U͑1͒ gauge field has been invoked to handle the ͑Ϫ1͒ phase factors acquired by a quasiparticle on circling a vortex. Clearly, this is a highly redundant description-in principle the U͑1͒ gauge field a ជ can account for any phase factor, which is here being restricted to just Ϯ1. The minimal choice that would take care of just these two factors, is an Ising (Z 2 ) gauge field, which however requires a real space lattice for its formulation.
25
Linearization for the vortex state: Following Ref. 14, we consider low-energy excitations near the nodal points, and neglect the effect of inter-node scattering. Then we can expand the wave function as
where the functions i (iϭ1,1 ,2,2 ) are considered to be slowly varying on the scale of k F Ϫ1 . The problem then reduces to solving, at each node,
where the H i FT represent the linearized part of Hamiltonian ͑18͒,
with p ជ ϭϪiٌ ជ . The remaining part of the Hamiltonian, ⌬H, arises from the curvature of the electon dispersion and of the gap function and is given by
where ͕,͖ denotes antisymmetrization; ͕A,B͖ϭABϩBA.
It may now be argued that the linear piece H i FT dominates the curvature terms ⌬H for magnetic fields much smaller than H c2 . Let us denote the typical separation between vortices by dϰ1/ͱB. While the linear part of the Hamiltonian has terms of order
in YBCO͒, so long as we assume that the quasiparticle trajectories do not come too close to the vortex core. Thus, in the magnetic field range of interest of a few T, we can at a first approximation neglect the curvature terms ⌬H and simply solve the linearized problem. Subsequently we will include the effect of these curvature terms ͑they are crucial to producing a finite thermal Hall signal͒, and verify that their effect is indeed a perturbation on the linearized problem.
We are therefore led to consider the linearized problem, say at node 1:
We have already noted that, in addition to the interaction with the amplitude variation of the gap ͑which has been neglected͒, the quasiparticles interact with the vortices via the superflow P ជ s and the Berry phase of ͑Ϫ1͒ acquired on circling a fundamental vortex. For the sake of clarity, it is helpful to first consider a situation where the Berry phases are inactive, and the quasiparticles only see the superflow. This is formally accomplished by considering the case of a vortex lattice of hc/e ͑double͒ vortices. Then there are no nontrivial Berry phase factors, and hence the a ជ fields ͑which were inducted to keep track of these phase factors͒, may be dropped. Equivalently, it may be noted that for the case of hc/e vortices, transformation ͑10͒ is single valued. Below, we will analyze the linearized problem in the presence of a hc/e vortex lattice. Armed with this understanding, we then consider the physically relevant case of a lattice of hc/2e vortices. Although our conclusions from the hc/e vortex lattice case go over unchanged, the reasoning there is a little more involved.
D. Vortex lattice of hcÕe vortices in the linearized approximation
Consider the linearized Hamiltonian at node 1, for a conceptually simpler case of a vortex lattice of hc/e vortices,
where the superflow P ជ s ϭ( P sx , P sy ) is given by the gauge invariant combination
and satisfies
where the sum runs over all the vortices in the lattice, at positions R ជ i . This differs from Eq. ͑12͒ in that the strength of the vortices is now doubled. For a periodic lattice of vortices, P ជ s , being a physical quantity, is also a periodic function with the same period as the vortex lattice. Formally, this can be seen by noting that
from flux quantization. Thus
on the boundary B of the unit cell, which is consistent with a periodic superflow P ជ s . Consequently, the Hamiltonian H 1 ͓Eq. ͑28͔͒ is that of a Dirac particle in the presence of a periodic scalar potential, ͓played by P sx (r ជ )͔. Clearly, a band structure will result, and the eigenstates can be labeled by the band index, and the crystal momentum k ជ that takes values within the Brillouin zone. What follows is a symmetry analysis of the spectrum of H 1 . One of the main issues we address is whether the Dirac node at zero energy, that is present for the free Dirac Hamiltonian ͑and corresponds to the node of a d xy superconductor in the pure state͒ survives in the presence of the periodic superflow term P sx (r ជ ). Our results are as follows. Dirac nodes ͑band touchings͒ survive in the spectrum of H 1 at those points in the Brilloin zone that are invariant under the k ជ →Ϫk ជ transformation. The symmetry that protects these nodes, which we call T Dirac , is obtained as a consequence of the linearization. Further, we find that there is a Dirac node centered at zero energy if the vortex lattice posesses inversion symmetry.
III. DIRAC NODES IN THE LINEARIZED PROBLEM
We begin by analyzing the conceptually simpler case of a vortex lattice of hc/e vortices, where the Berry phase factors are absent, and we have only the coupling of the quasiparticles to the superflow to deal with. We then tackle the hc/2e vortex lattice case along parallel lines.
A. Vortex lattice of hcÕe vortices
We will consider the linearized Hamiltonian for node 1,
which is Eq. ͑28͒ above, where P ជ s (r ជ ) for an arbitrary lattice of vortices, is a periodic function with the same period as the lattice and satisfies Eq. ͑29͒. This gives rise to a band structure for the quasiparticles, and the eigenstates are labeled by a band index and a crystal momentum (k ជ ), which takes values within the Brillouin zone. We consider for generality an oblique vortex lattice, which posess no additional symmetries. The Brillouin zone for such a vortex lattice is depicted in Fig. 2 . A symmetry of the linearized Hamiltonian: Consider an eigenstate k ជ of the linearized Hamiltonian H 1 with eigenvalue E and crystal momentum k ជ :
Then the transformed wave function Ϫk ជ ϭ k ជ * is also an eigenstate with energy E but crystal momentum Ϫk ជ , where is the dimension two antisymmetric matrix: 
͑31͒
where we have used the identities 2 ϭϪ1,
Since this transformation is formally equivalent to the timereversal operation for Dirac particles, we will call it T Dirac , although, as explained below, it is distinct from the physical time-reversal transformation for this problem. This symmetry ensures that states with crystal momentum k ជ and Ϫk ជ have the same energy. For those points in the Brillouin-zone that are taken to themselves under time reversal ͑modulo a reciprocal-lattice vector: k ជ ϵϪk ជ ͓mod G ជ ͔͒ there is a degenerate pair of states k ជ and k ជ * . These states are orthogonal, from the antisymmetry of . Hence we find a degenerate doublet at these special points in the Brillouin zone, which are shown in Fig. 2 as the ⌫ (k ជ ϭ0), A, B, and M points. The spectrum at these special points of the Brillouin zone is composed entirely of degenerate pairs, and as we will see shortly, on moving a little bit away from these points in crystal momentum, the states split and give rise to the energy dispersion of a massless Dirac particle.
The symmetry operation T Dirac that operates on the quasiparticle excitations at a single node is distinct from the physical time reversal operation that would transform states at one node into states at the opposite node. Rather, T Dirac is obtained as a symmetry as a consequence of linearizing the electron dispersion, and it is easily seen that the curvature terms, such as for example (1/2m)p 2 z , violate this symmetry. Thus, although T Dirac is not a symmetry of the entire problem, since the curvature terms that violate it are so small, it is still a good approximate symmetry. For the linearized theory of course, it is an exact symmetry.
Dirac cones from degenerate doublets: As we move away from the special points in the Brillouin zone at which degenerate doublets are found, the crystal momentum splits these states and gives rise to a Dirac cone dispersion. This is most easily appreciated by analogy with the pure case. There the free Dirac Hamiltonian H f ree ϭv F p x z ϩv ⌬ p y x has a degenerate pair of states at the center of the Dirac cone ͑at p ជ ϭ0) given by the two constant spinors that are eigenstates with zero energy. Moving away in momentum, which is exactly analogous to turning up the Zeeman field on a spin one-half particle, the states are split into ϮE pairs, with the splitting being linearly proportional to the momentum. This give rise to the massless Dirac dispersion that we expect for this Hamiltonian. In a similar way, here we find that Dirac cones arise centered at the special points at which the degenerate doublets are present.
Consider a pair of degenerate states, (r ជ ) and *(r ជ ), at one of these special points in the Brillouin zone. The effect of moving away from this point by crystal momentum ␦k ជ can be accounted for by adding the piece
to the Hamiltonian and leaving the boundary condition for the wave function unchanged. If the deviation in crystal momentum is small ͑compared to the reciprocal-lattice vectors͒, this additional piece will barely mix the different pairs of energy eigenstates, and so can be treated in degenerate perturbation theory within the two dimensional subspace of the degenerate doublet. The perturbation, projected into the subspace of (r ជ ) and *(r ជ ), takes the form
where the integral ͐ r ជ runs over the unit cell and we have used the notation † (r ជ )ϭ* T (r ជ ). Clearly, an explicit knowledge of the wave functions is needed to diagonalize this Hamiltonian, but a few general observations can be made right away. First, the eigenvalues obtained here are the energy splitting (␦E ␦k ) of the previously degenerate pair of states, which will appear in a plus-minus pair since the projected Hamiltonian has vanishing trace. Also, if we denote the angle the vector ␦ ជ k ជ makes with the k x axis by ␦k , the energy splitting may be written as:
͑34͒
which is a massless Dirac particle with an anisotropic dispersion. Calculating the anisotropy function A( ␦k ) requires an explicit knowledge of the wavefunctions.
If the vortex lattice posesses reflection symmetry about the y axis (x axis͒, then the dispersion of the Dirac nodes of the linearized Hamiltonian at node 1 ͑2͒ takes a particularly simple form. The dispersion can then be written as
where again an explicit knowledge of the wave functions is required to compute the renormalized velocities v F Ј and v ⌬ Ј .
The effect of the renormalization can be substantial and therefore the energy scale at which the Dirac node may be expected to make its presence felt can be quite different from E 2 , as one might naively expect, as pointed out in Ref. 11 . Inversion symmetry and the Dirac node at zero energy: If the vortex lattice posesses inversion symmetry, that is, if it is invariant under the transformation r ជ →Ϫr ជ ͑assuming the origin is the center of inversion͒, then it is easy to see from Eq. ͑29͒ that the superflow P ជ s satisfies
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This leads to a particle hole symmetry of the linearized Hamiltonian. If (x,y) is an eigenstate of the Hamiltonian H 1 ͓Eq. ͑28͔͒ with energy E, then (Ϫx,Ϫy) is also an eigenstate but with energy ϪE. 30 Inversion symmetry ensures that there is a degenerate doublet of the linearized Hamiltonian H 1 at the ⌫ (k ជ ϭ0) point at zero energy. The argument is as follows-let us focus on the spectrum at the ⌫ point; in which case we need to solve for the eigenstates of H 1 on the unit cell with periodic boundary conditions-i.e., on a torus. First, consider the case without the Doppler term, that is a free Dirac particle on a torus, H f ree ϭv F p x z ϩv ⌬ p y x which can easily be solved. Clearly, this has a pair of states at zero energy, given by the product of the constant solution times any spinor. The rest of the states also occur in degenerate pairs, and for every pair of states at energy E 0 there is a pair of states at energy ϪE; a consequence of the free Dirac Hamiltonian respecting the T Dirac and inversion symmetries. This spectrum is sketched in Fig. 3͑a͒ . Thus, in the free case, the spectrum consists of an ''odd'' number of degenerate pairs, due to the existence of the pair at zero energy ͑this can be made more rigorous by introducing an ultraviolet cutoff, and hence a finite number of states͒. Now, turning on the Doppler term P sx for inversion-symmetric vortex lattices, preserves both the T Dirac as well as particle-hole symmetry. Therefore, we still have states coming as degenerate doublets, in a particle-hole symmetric spectrum. Since the total number of pairs of states cannot change from the free case, we are forced to have a degenerate doublet at zero energy, so that the total number of pairs of degenerate states remains odd, as it was for the free case. 31 This argument is illustrated in Fig. 3 .
Note that this argument is also valid perturbatively. If we imagine the value of the Doppler term, continuously turning up from zero, the zero-energy doublet that is present for the free Dirac Hamiltonian can neither split ͑it is protected by T Dirac ) nor move away from zero energy ͑thanks to particlehole symmetry͒ and hence continues to exist at zero energy even for the Hamiltonian H 1 that includes the superflow of an inversion-symmetric vortex lattice. This can also be verified to all orders in perturbation theory, the details of which may be found in Ref. 29 .
This doublet of states at zero energy for inversionsymmetric lattices will give rise to a Dirac cone centered at zero energy, by our previous arguments. Thus, in this situation we have been able to access the nature of the low-energy physics solely via the use of symmetry arguments.
B. Vortex lattice of hcÕ2e vortices
We now turn to the physically relevant case of a vortex lattice of hc/2e vortices within the linearized approximation. For convenience, here we collect the relevant formulas derived in Sec. III; the linearized Hamiltonian at node 1 is
where the a ជ fields implement the Berry phase factor for circling a vortex which we have taken to be
, where the q i are arbitrary odd integers. More generally, the a ជ fields just need to satisfy
which attaches solenoids of q i fictitious flux to the vortices. Clearly, physical results should not depend on the choice of q i . However, since we have a vortex lattice, it will be convenient to pick a set of q i that gives rise to a periodic a ជ field. Imagine choosing a set of q i , so that the unit cell for the problem now contains n vortices. The periodicity of the vector potential a ជ requires that the total flux corresponding to this vector potential vanishes over the unit cell, i.e.,
where the sum is over the vortices in a unit cell. Since q ␣ are odd integers, this requires that the number of vortices in the unit cell, n, be an even number. Therefore, a vortex lattice that has one physical vortex per unit cell will require at least a doubling of the unit cell when considered in this way. Once again, the eigenfunctions can be labeled by crystal momenta k ជ that takes values in the appropriate Brillouin zone which is FIG. 3 . Dirac node at zero energy for inversion-symmetric lattices. ͑a͒ Energy spectrum of a free Dirac particle on a torus (⌫ point͒. There are an odd number of degenerate pairs of energy states, due to particle-hole symmetry and the pair at zero energy. ͑b͒ In the presence of the linearized Doppler term ( P sx ) for inversion symmetric lattices of hc/e vortices, the particle-hole symmetry of the spectrum is preserved, and the degenerate pairs of states cannot split due to symmetry under T Dirac . To keep the count of energy levels the same as for the free case, there has to be a pair of states at Eϭ0. Similar considerations apply for the case of inversionsymmetric lattices of physical hc/2e vortices. now determined, not just by the periodicity of the vortex lattice, but also by the choice of q i s.
Invariance under combined T Dirac and gauge transformation: It is easily seen that the Hamiltonian H 1
FT is not invariant under T Dirac ; i.e., under the transformation →*, the sign of the vector potential a ជ is inverted. However, since the flux associated with the a ជ field is exactly ͑times an odd integer͒, it is possible to arrange for a gauge transformation that would reverse its sign, which when used in combination with T Dirac , would leave the Hamiltonian invariant. Thus, if k ជ (r ជ ) is an eigenfunction of H 1 FT with energy E and crystal momentum k ជ , then
is also an eigenfunction of the Hamiltonian with energy E. The factor of ⌽ ͕q͖ 2 performs a gauge transformation that invert the sign of the gauge fields a ជ . It is crucial that ⌽ 2 (r ជ ) is a single-valued function, so this gauge transformation is only allowed because we have the special case of flux solenoids. Also, it is easily shown that ⌽ 2 (r ជ ) is a periodic function, so the wave function Ϫk ជ (r ជ ) carries a crystal momentum Ϫk ជ . Thus, once again, states with crystal momentum k ជ and Ϫk ជ have the same energy. At those points in the Brillouin zone that are taken to themselves under time reversal, modulo a reciprocal-lattice vector ͓k ជ ϵϪk ជ ͑mod G ជ )͔ the energy levels appear as degenerate doublets. This follows from the fact that the two wave functions ͓ k ជ (r ជ ) and ⌽ ͕q͖ 2 k ជ * (r ជ )] are always orthogonal from the antisymmetry of . These degenerate doublets will lead to Dirac cones in their vicinity by the same argument as before. Hence, for any vortex lattice we expect the spectrum of H 1 FT to posess Dirac cones ͑band touchings͒.
As we have noted, we are only allowed to make the gauge transformation above because we are dealing with (2m ϩ1) solenoid fluxes of the fictitious gauge field a ជ , that leads to ⌽ ͕q͖ 2 (r ជ ) being a single-valued function. For a general value of the fictitious flux, the time-reversal symmetry of the Dirac equation is broken in an essential way and cannot be fixed by such a gauge transformation. This also implies that, in general, the doubly degenerate states that we obtain are not accessible within perturbation theory starting with a free Dirac equation. In doing perturbation theory we are implicitly assuming that we can gradually crank up from zero the value of the fictitious flux-however, since the doublet only appears at the flux values, it is missed in perturbation theory ͑unless some additional symmetry, that preserves the degenerate doublets for all values of the fictitious flux, is present͒. This issue as well as some subtle aspects of the gauge transformation that we have just used were considered in more detail in Ref. 29 .
Inversion symmetry and the Dirac cone at zero energy: Consider a vortex lattice that posesses inversion symmetry ͑about the origin, say͒, i.e., is invariant under the transformation r ជ →Ϫr ជ . We argue here that in this case there exists a degenerate doublet, and hence a Dirac cone centered at zero energy.
For such a lattice it is always possible to make a gauge choice of the set ͕q i ͖ for which, under inversion, q i →Ϫq i . A couple of examples are shown in Fig. 4 . In case we begin with a set of q i that do not satisfy this condition, one can always make a gauge transformation that does not alter any of the physics but brings the q i 's into this form, which happens to be convenient for the following analysis.
In this gauge we have that the a ជ fields are even under inversion, i.e.,
which is easily seen from Eq. ͑37͒ for the curl of a ជ and the fact that the position of a q vortex is taken by a Ϫq vortex under inversion. Of course we still retain the fact that the superflow is odd under inversion:
These facts imply a particle-hole symmetry for the Hamiltonian H 1 FT . If (x,y) is an eigenfunction of H 1 FT with energy E, then *(Ϫx,Ϫy) is also an eigenfunction but with energy ϪE.
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Inversion symmetry ensures that the degenerate doublet of Hamiltonian H 1 FT at the k ជ ϭ0 (⌫) point is at zero energy. The argument is as follows-for the ⌫ point we need to solve for the eigenstates of Hamiltonian H 1 FT on a torus. First consider the case without the Doppler term and the a ជ field, that is, a free Dirac particle on a torus:
This has a pair of states at zero energy, given by the constant solution and any spinor. The rest of the states also occur in pairs ͑due to T Dirac ) and for every pair at energy E 0 there is a pair of states at energy ϪE ͑from the particle-hole symmetry͒. Thus, in the free case, as sketched in Fig. 3͑a͒ , there is an ''odd'' number of degenerate doublets due to the pair at zero energy ͑this can be made more rigorous by introducing an ultraviolet cutoff, and hence a finite number of states͒. Now, turning on the Doppler term and the gauge field a ជ , the energy levels will again appear as degenerate pairs, from symmetry under the combined effect of T Dirac and a gauge transformation, as discussed earlier. For the case of inversion symmetric vortex lattices, particle-hole symmetry is pre- served as well. Therefore we have the degenerate doublets appearing in a particle-hole symmetric fashion. Since the total number of pairs of states cannot change from the free case, where we had an odd number of pairs, we are forced to have a degenerate doublet at zero energy, as illustrated in Fig. 3͑b͒ . The doublet of states at zero energy will give rise to a Dirac cone centered at Eϭ0 by our previous arguments. Note that this is a nonperturbative argument for the existence of a zero-energy pair of states in inversion symmetric lattices of hc/2e vortices. In general it is not possible to access these states within perturbation theory since they only appear when the flux of the gauge field a ជ takes on values that are odd multiples of . Thus, for the case of an inversion symmetric lattice of hc/2e vortices as well, the linearized theory predicts the existence of a Dirac node at zero energy.
IV. BEYOND THE LINEARIZED APPROXIMATION: MASSIVE DIRAC QUASIPARTICLES AND QUANTIZED THERMAL HALL EFFECT
We now consider the effect of the subdominant curvature terms (⌬H) on the spectrum obtained from the linearized equations. In view of the smallness of these terms compared to the linearized Hamiltonian, their primary effect will be to lift degeneracies that are present in the spectrum of the linearized problem. Therefore, we study the effect of these terms near the Dirac cones ͑band touchings͒ of the linearized problem. In order to simplify the discussion we shall consider the the situation of a vortex lattice of hc/e ͑double͒ vortices. For the physically relevant case of the hc/2e vortex lattice, the discussions runs on very similar lines, although ⌬H in that case involves more terms arising from the FranzTesanovic gauge field a ជ Eq. ͑26͒. We do not present the details of that case here.
A. Massive Dirac quasiparticles
The problem at hand then is to consider the effect of
͑42͒
the curvature terms, on the spectrum of the linearized Hamiltonian at, say, node 1:
We have seen that the band structure of the linearized problem posesses Dirac cones at special points in the Brillouin zone where there is a pair of degenerate states. This degeneracy is a result of the invariance of the linearized Hamiltonian under the symmetry operation T Dirac . The curvature terms however do not respect this symmetry ͑under T Dirac , ⌬H changes sign͒ and so are expected to split the degenerate doublets, giving rise to a gap in the dispersion ͑see Fig. 5͒ . This may be analyzed within degenerate perturbation theory, the details of which are below.
Consider a degenerate doublet (,*) of the linearized Hamiltonian at one of the special points in the Brillouin zone. We may treat the effect of ⌬H within degenerate perturbation theory, since the other energy levels at this crystal momentum are separated by energies of order E 1 or E 2 , that are much larger than the strength of the perturbation ⌬H. On projecting ⌬H into this two dimensional subspace, it can be written as
͑43͒
where ᠬ are the Pauli matrices that act within this two dimensional subspace, and there is no term proportional to 1, since ⌬H changes sign under T Dirac . This defines for us the vector n ជ ⌬H . The dependence on the magnetic field B is explicitly exhibited in the prefactor. Further, if we neglect the last term in ⌬H ͓Eq. ͑42͔͒, that arises from the curvature of the gap and is smaller than the other terms by a factor of ⌬/E F , then n ជ ⌬H defined above is only a function of the anisotoropy ␣, and the vortex lattice geometry-i.e., the type of lattice and its orientation relative to the nodes.
We now derive the effect of the perturbation ͓⌬H͔ Pro j on the dispersion around the special Brillouin-zone points. Consider making a small excursion in crystal momentum k ជ (͉k ជ ͉Ӷ2/d the typical reciprocal lattice vector͒ from this point. As in Eq. ͑32͒, we obtain an additional term in the linearized Hamiltonian ␦H k ជ ϭv F ͓k x z ϩ␣ Ϫ1 k y x ͔ which when projected into the two dimensional space of the degenerate doublet takes the form
where, once again there is no term proportional to 1, since ␦H k ជ changes sign under T Dirac . n ជ k x and n ជ k y are, in general, a pair of linearly independent vectors, that are defined by the above equations. It may easily be seen that the dispersion resulting from the sum of these projected Hamiltonians ͓⌬H͔ Pro j ϩ͓␦H k ជ ͔ Pro j , is that of a massive Dirac particle with mass
i.e. the component of n ជ ⌬H perpendicular to the plane defined by n ជ k x and n ជ k y . This is most easily seen for the case when n ជ k x and n ជ k y are orthogonal. 32 Then, if n k x (n k y ) is the unit vector in the direction of n ជ k x (n ជ k y ) we can write
The center of the dispersion is now at (
In an appropriately chosen basis the above projected Hamiltonian will take the form:
Clearly, the resulting dispersion is
i.e., that of a massive Dirac particle with mass m D , centered at the crystal momentum (k x 0 ,k y 0 ) as shown in Fig. 5 . Of course, to calculate these quantities requires an explicit knowledge of the wave function . Thus, the Dirac nodes obtained within the linearized approximation acquire small gaps upon the inclusion of the curvature terms. An explicit numerical calculation of these gaps is presented later in this section. Below, we invoke some well-known properties of massive Dirac particles in two dimensions, to derive some consequences for quasiparticle transport in the vortex lattice state.
B. Quantized thermal transport
The low temperature transport properties of quasiparticles depends strongly on the nature of the spectrum at the chemical potential. For vortex lattices that possess inversion symmetry, the particle-hole symmetry of the spectrum at each node will allow us to make some precise statements regarding the low-temperature transport properties-therefore in what follows we specialize to the case of inversion symmetric lattices.
For inversion symmetric lattices, within the linearized approximation, there exists a Dirac node at the ⌫ (k ជ ϭ0) point centered at zero energy. On including the effect of the curvature terms, ⌬H, we have seen that a gap is induced and the spectrum near zero energy is that of a massive Dirac particle, that retains particle-hole symmetry, and whose dispersion is centered near the ⌫ point. All the negative-energy states are then occupied ͑in the d particle representation of quasiparticles that has been adopted͒ since the quasiparticle chemical potential, in the absence of Zeeman splitting, is at zero energy.
This situation is topologically identical to a free Dirac particle in two dimensions, with a mass term. In other words, the spectra of the two systems can be continuously deformed into one another without closing the gap at the chemical potential. The massive Dirac equation in two dimensions has the dispersion E(p)ϭϮͱp 2 ϩm 2 and the negative-energy branch is completely filled in the ground state. There, it is well known that the zero temperature Hall conductance of the Dirac particles is quantized xy ϭ 1 2 (e D 2 /h)sgn͑m͒ where e D is the charge associated with the Dirac particle. 15, 16 Superconductor quasiparticles of course do not carry a well defined electrical charge-however, for the case of interest the component of the quasiparticle spin along the applied magnetic field is conserved, and plays the role of e D ; as we have seen the density of the conserved d particles corresponds to the spin density in the direction of the field. Hence, in the present case of quasiparticles we expect a quantized spin Hall conductance, 17 18 with e D replaced by the quantum of spin ប/2 carried by the quasiparticles. Thus, if we define
for a single node. It is easily seen that for inversion-symmetric lattices, opposite nodes contribute equally to the spin Hall conductivity. The Hamiltonian at node 1 , H 1 ϩ⌬H, under the inversion operation 1 (r ជ )→ 1 (Ϫr ជ ), is found to be identical to H 1 ϩ⌬H. Therefore they have the same gap ͉m D (1)͉ ϭ͉m D (1 )͉, and since the Hall conductance is unchanged by the inversion ͑rotation by an angle of ), have identical spin Hall conductances xy S (1 )ϭ xy S (1). Similarly we can relate the gaps and spin Hall conductances between nodes 2 and 2 . 33 If no further symmetry of the vortex lattice is assumed, the size of the gap and the sign of the contribution to xy S from the nodes 2 and 2 are not simply related to their values at the nodes 1 and 1 . Thus, as regards the low-temperature Hall transport, two scenarios present themselves. and has the same field dependence. Therefore, the Zeeman term plays an important role in determining whether or not the exact quantization of the spin Hall conductance discussed above will be realized in these materials. If the quasiparticle gap "͉m D ͉ϭmin͓͉m D (1)͉,͉m D (2)͉͔… exceeds the Zeeman term ͉m D ͉Ͼ͉E Zeeman ͉, then the quasiparticle chemical potential lies in the gap, and quantization of the spin Hall conductance is expected, although the temperature below which this will set in is now given by the difference ͉m D ͉Ϫ͉E Zeeman ͉. If, however, the Zeeman splitting exceeds the gap, then the chemical potential for the quasiparticles lies in a region where extended states are present, and the exact quantization will be lost. ͑When disorder is taken into account, these states may be localized and then exact quantization will be recovered.͒ The question of whether the quasiparticle gap exceeds the Zeeman energy depends on several details of the problem such as the value of the anisotropy ␣ and the vortex lattice geometry, as well as on the value of the band mass and g factor of the electron for the material in consideration.
Quasiparticle heat transport: While so far we have been discussing the spin conductance of the quasiparticles, a far more accessible transport quantity in experiments is the thermal conductance. In the superconductor, heat is transported by the quasiparticles as well as the phonons. The electronic part of the thermal conductivity is usually isolated in one of the following ways. For the longitudinal part of the thermal conductivity ( xx ), the phononic contribution at low temperatures varies as T, 35 and can typically be separated out. As for the thermal Hall conductance, that is expected to arise purely from the quasiparticles, since phonons are not expected to be skew scattered by the magnetic field. At low temperatures, a Widermann-Franz relation between the thermal and spin conductances of the quasiparticles is expected to hold:
Thus, for the cases discussed earlier, we are led to expect, at low temperatures, a ''quantized'' thermal Hall conductivity, in the sense xy /T→n͓( 2 /3)(k B 2 /h)͔, where nϭϮ2,0 for the two possible cases, and ( xx /T)→0.
Violation of Simon-Lee scaling. In Ref.
14, Simon and Lee showed that the leading contribution to the thermal Hall conductivity takes the scaling form
͑52͒
Clearly, the quantized Hall conductivity derived above does not satisfy this scaling relation. The reason for this is easily seen. In deriving Eq. ͑52͒ for the vortex lattice following the arguments in Ref. 14, we need to assume that the spectrum of states in the linearized theory at a given crystal momentum, are well separated in energy, and so are only weakly mixed by the perturbing curvature terms (⌬H). While this assumption is true over most of the Brillouin zone, it breaks down at the isolated points where doubly degenerate states are present. It is precisely the lifting of this degeneracy by ⌬H that leads to the mass term for the Dirac quasiparticles, and the quantized thermal Hall conductivity that violates the scaling form above. For temperatures exceeding the induced gap m D ϳE 1 2 /E F , Simon-Lee scaling is recovered.
C. Numerical evaluation of gaps
In order to make the preceeding discussions more concrete, here we present a numerical evaluation of the gaps induced by the curvature terms. These results confirm our assumption that their effect on the spectrum of the linearized Hamiltonian is indeed small. We consider the simple situation of a square lattice of hc/e ͑double͒ vortices, oriented along the nodal directions. The mass term induced by ⌬H for the Dirac cone at zero energy is calculated ͑at node 1͒ for two values of the anisotropy parameter (␣ϭ1,2). Reflection symmetry of the lattice about the 45°line allows us to relate the mass term at the other nodes to m D (1). The linearized Hamiltonian to consider is
where the explicit form of P ជ s (r ជ ) that we use is
where G ជ ϭ(2/d)(m,n) are the reciprocal vectors for a square vortex lattice with lattice parameter d, which from flux quantization for a hc/e vortex lattice satisfies d ϭͱh/eB. This form for P ជ s may be derived from Eq. ͑29͒ if we assume that ͑a͒ P ជ s is divergence free, i.e., ٌ• P ជ s (r ជ )ϭ0, which is valid if the superfluid density can be taken as uniform; and ͑b͒ the magnetic field is constant, which is justified if the penetration depth is large compared to the magnetic length d/Ӷ1.
By our previous arguments we are assured of a pair of degenerate states at Eϭ0 for this linearized Hamiltonian, i.e., there exists a pair of linearly independent wave functions that satisfies H 1 (r ជ )ϭ0. The pair of degenerate states are obtained numerically, and the effect of ⌬H is evaluated in degenerate perturbation theory within this two dimensional subspace, to yield the Dirac mass m D ͓Eq. ͑45͔͒. Thus, the curvature terms 
where i 's are dimensionless quantities that depend only on the lattice geometry and the value of the anisotropy ␣. Therefore, it is convenient to present the numerical results in terms of them. Physical quantities of interest are easily related to Tot . Its magnitude sets the size of the gap while its sign determines the sense of the quantized thermal Hall effect. Thus, the gap is given by 2͉m D ͉ϭ2͉ Tot (បeB/2m)͉ and is the same at all nodes due to the reflection symmetry about the 45°line of the square lattice being considered. The thermal Hall response from all these nodes add to give the quantized thermal Hall conductance:
We formulate the numerical problem in reciprocal ͑momen-tum͒ space, retaining (2Lϩ1) 2 reciprocal lattice vectors. The null space of H 1 (H 1 ϭ0) at the ⌫ point is obtained and the Dirac mass terms calculated using Eqs. ͑43͒-͑45͒. These are shown in Fig. 6 for two values of ␣ (␣ϭ1,2), where Tot as well as the separate contribution of the different curvature terms, the i s are plotted as a function of L. We see that satisfactory convergence is obtained by Lϭ16. The magnitude of the Dirac mass, in both cases turns out to be roughly ͉m D ͉ϳ1.2͉eបB/2m͉ ͑which is 0.8 K T Ϫ1 , if m is taken as the electron mass͒. Thus, for fields of a few T, the gap is much smaller than the energy scale E 1 ͑50 K T 1/2 in YBCO͒, which justifies our treatment of the curvature terms as perturbations on the linearized Hamiltonian. Incidentally, the mass term in this particular example, exceeds the Zeeman energy ͑0.7 K T Ϫ1 with gϭ2), and so the chemical potential for the quasiparticles will lie within the gap.
The overall sign of the quantized thermal Hall conductivity is clearly seen to be a function of ␣; it reverses sign on going from ␣ϭ1 to ␣ϭ2 ( Tot takes opposite signs for these two values of ␣). Its dependence on the sign of eB/m is expected, since on inverting the sign of any of these ͑e,B,m͒, the quasiparticles are expected to deflect in the opposite direction.
Thus, given a real material whose vortex lattice structure and microscopic parameters are known, one can follow the recipe above to ͑a͒ calculate if a quantized Hall conductance is expected for the clean lattice case ͑i.e., does m D exceed E Zeeman ), and if so ͑b͒ the quantization value (Ϯ2,0 in appropriate units͒, and the temperature scale ͑set by ͉m D ͉ Ϫ͉E Zeeman ͉) below which quantization is expected. We have already noted the similarity of the state with quantized thermal Hall conductivity of Ϯ2 to the pure d x 2 -y 2Ϯ id xy system-both are gapped and have identical low temperature thermal conductivities. Other authors 19, 20 considered the possibility of a magnetic field inducing an id xy component in a d x 2 -y 2 superconductor. We believe that our work for the vortex lattice provides a concrete realization of the general ideas of Refs. 19 and 20. Further, we have described a procedure that allows us to determine when such a state is to be expected, and the size of the energy gap induced.
V. DISCUSSION
In summary, we have considered the problem of d-wave quasiparticles in a mixed state within the perfect lattice approximation. Within the linearized theory we find a massless Dirac dispersion for the low-energy quasiparticles, so long as the vortex lattice possesses inversion symmetry. On going beyond the linearized approximation and including the smaller curvature terms, a small gap is found to open and the low-energy excitations now behave like massive Dirac particles. The size of the gap is proportional to the applied magnetic field, and is roughly of order E 1 2 /E F (Ϸ0.5 K T Ϫ1 in YBCO͒. If the sign of the Dirac mass term ͑appropriately defined͒ is identical at the four nodal points, then we obtain a topologically nontrivial state-i.e., one that has gapless chiral quasiparticle modes at the edge, which in this case are the same as in a pure d x 2 -y 2Ϯ id xy superconductor. When the chemical potential for quasiparticles lies within the gap a quantized thermal Hall conductivity of xy /T ϭϮ2( 2 k B 2 /3h) is expected at low temperatures. The chemical potential for these quasiparticles is controlled by the Zeeman energy E Z , and if this is smaller than the gap scale m D the quantized thermal Hall effect will be observed at low temperatures (TӶ͓m D ϪE Z ͔). We also described a computationally simple procedure for evaluating the numerical value of the gap and the quantized themal Hall conductance, which depend on the microscopic material parameters as well as the value of the anisotropy and the geometry of the vortex lattice.
Although in general the quantized thermal Hall conductivity can take on any integer value ͑see the Appendix͒, on the basis of the energetics for this particular situation we have argued that the thermal Hall coefficient is quantized to one of the discrete set of values ( xy /TϭϮ2,0 in appropriate units͒. This is a consequence of ͑a͒ the independent node approximation, and ͑b͒ that at each of the four nodes, the only low-energy feature ͑compared to E 1 2 /E F ) is a single Dirac cone centered at zero energy within the linearized problem for inversion symmetric lattices. For special situations where the linearized theory may posess additional low energy features, for example as reported in Refs. 10, 11, and 13 for the square lattice of vortices at large anisotropy (␣), other integer values of the quantized thermal Hall conductance may be realized.
Throughout, we have treated the four nodes as being independent, and neglected the effect of internode scattering. This is expected to be important when there is a high degree of commensuration between the reciprocal vectors associated with the vortex lattice, and the momenta separating the four nodes at the Fermi surface. In that case, as demonstrated in Ref. 12 the nodal points acquire a gap due to the formation of a quasiparticle density wave. However, away from such special commensuration, the independent node approximation used here is expected to hold.
Our discussion in this paper has been restricted to the clean limit but of course disorder is always present in the physical system. The topological character of the states we have been considering renders them insensitive to the effects of weak disorder. Further, if the quasiparticle chemical potential lies outside the gap, while a quantized thermal Hall effect would not be expected in the pure case, disorder could localizes the quasiparticle states at the chemical potential stabilizing the quantization. However, for larger disorder strengths, a completely different approach that does not rely on the Bloch nature of the quasiparticle states will be required. With these caveats in mind we turn to survey some of the relevant experiments in YBCO.
Low temperature thermal Hall measurements would provide the most direct test of the occurrence of such topologically ordered states in superconductors. Currently, such measurements on YBa 2 Cu 3 O 7 go down to temperatures of about 12 K in a field of 14 T, 3 which is presumably still too high to observe the quantization, should it exist. Indeed, although the measured xy at a given temperature is found to saturate for stronger fields, the value at this plateau scales as T 2 , rather than linear in T as would be expected if xy /T was quantized. However it is an intriguing fact that the plateau value of xy at the lowest temperature measured ͑12.5 K͒ is very close to what would be expected from a quantized thermal Hall conductance of ͉ xy /T͉ϭ2 ͑in appropriate units͒. While this experiment is not conclusive with regard to the lowtemperature state of the quasiparticles, we can look to specific-heat measurements for a signature of the chemical potential lying in a gap. Such low-temperature specific-heat measurements down to 1 K in magnetic fields of 14 T in YBa 2 Cu 3 O 7 were reported in Ref. 6 . However, they show no evidence of a gap, in fact a finite density of the quasiparticle state that scales as the square root of the field was found. In principle, a quantized thermal Hall condutance could still arise in such a system if the states at the chemical potential are localized-in all cases the quantization of the thermal Hall conductance will be accompanied by the vanishing of the longitudinal thermal conductance xx /T→0 at temperatures below the ͑mobility͒ gap scale. But low-temperature TϽ0.1 K longitudinal thermal conductivity measurements in fields up to 8 T in YBa 2 Cu 3 O 6.9 ͑Ref. 5͒ reveals xx /T saturating to a nonzero value that rules out a quantized thermal Hall effect in this material down to these low temperatures. Thus, for this case of YBCO, either the Zeeman splitting causes the chemical potential to lie outside the gap region, or else the vortex lattice in this case is so disordered that the perfect lattice assumption we start with requires serious modification. Nevertheless, given the large number of potentially different experimental systems with a d-wave gap that are available, it is not unreasonable to expect that the quantized thermal Hall effect, realized in the manner described, will be observed in the future.
